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We investigate the discrete spectrum of the Hamiltonian describing a quantum particle liv¬ 
ing in the two-dimensional straight strip. We impose the combined Dirichlet and Neumann 
boundary conditions on different parts of the boundary. Several statements on the existence 
or the absence of the discrete spectrum are proven for two models with combined boundary 
conditions. Examples of eigenfunctions and eigenvalues are computed numerically. 


I Introduction 

Quantum waveguides with Dirichlet boundary conditions were extensively studied {e.g. i, i, i, 
01 11] J 01 references therein). Their spectral properties essentially depends on the geometry 
of the waveguide, especially the existence of bound states induced by curvature 0, i, i or 
by coupling of straight waveguides through windows 0,0 were shown. The waveguides with 
Neumann boundary condition were also investigated in several papers (e.g. 0, 0). The possible 
next generalization are waveguides with combined Dirichlet and Neumann boundary conditions on 
different parts of the boundary. Some very simple combinations of these conditions appear due to 
the symmetry of special configurations in systems studied e.g. in Q, 0 and 0. Such “combined” 
systems might be also of interest directly in nanoscopic physics if interphases modelled by different 
conditions could be realized. The presence of different boundary conditions also gives rise to 
nontrivial spectral properties like existence of bound states. 

In the present paper, we consider two simple cases of straight planar waveguide of constant 
width with combined boundary conditions. We show the examples with and without the presence of 
bound states. The systems we are going to study are sketched on Fig. 1. We consider a Schrodinger 
particle whose motion is confined to a planar strip of width d. For definiteness we assume that it 
is placed to the upper side of the a;—axis. On the part of the boundary the Neumann condition 
is imposed (thin lines in the picture),while on the other part the Dirichlet one holds (thick lines). 
The length of the overlay of Neumann boundaries is 2S and it is placed to both sides of y—axis 
in both cases. We shall denote this configuration space by = R x (0, d) and its particular parts 
by Uli = {— 00 ,- 6 ) X {0,d), Ulu = (—(5,(5) x (0, d) and fljn = {S,oo) x (0,d). As we are going to 
prove several statements that are valid for more general combination of boundary conditions, let us 
define several objects. Let there is a finite number of points on the boundary dUl, where boundary 
condition is changing, which we denote Pk = {xk, yk), k = 1,... , M. We can choose the numbering 
so as yfe = d for /c = 1,... , M' and xi < < ... < xm ' and = 0 for A: = M' -|- 1,... ,M and 
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Figure 1: Straight quantum waveguides with combined boundary conditions. The thin lines denote 
the Neumann boundary condition, the thick lines the Dirichlet one. 

Xm'+i < xm '+2 < ... < xm- Let dV, — U A/'U where I? is a union of finite number of 

intervals in dfl, where Dirichlet condition is imposed and Af = (9D \ is similar for Neumann 
condition. For our examples we have 

A) 

V = 

M = 

Pi = 

B) 

V = |(a;, (i)l(a; < —5) V (x > (5)| 

Af = |(a;,0)|x G ]r| U |(x,d)| — (5 < X < (5| 

Pi = (-S, d) ; P2 = (S, d) 


|(x,0)|x < —U |(x,fi)|x > (5| 

|(x,0)|x > —U |(x,fi)|x < (5| 
{5,d) ; P2 = (-<5,0) 


In the next section we define the Hamiltonian as Laplace operator with chosen boundary con¬ 
ditions with the help of a quadratic form. We also explicitly give the operator domain which is 
larger than the Sobolev space Due to this fact the proof of its form is a little complicated. 

In the section III we study the question of bound state existence below the treshold of essen¬ 
tial spectrum. The proved results are illustrated in Section IV by numerical calculations. Some 
technical points are left to Appendices. 

II The Hamiltonian 

Putting I2m = I, we may identify the particle Hamiltonian with the self-adjoint operator on 
the Hilbert space L^(D), defined in the following way. Let us define a quadratic form 

do{f,9)= I A7f-\/gd^x with domain Q(qo) = {f G H^(D)|f f D = O}, (2.1) 

Jq. 
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where = |/ g L^(ri)|V/ G is the standard Sobolev space and we denote as f \ V 

the trace of function / on T>. Now qq is obviously densely dehned, symmetric and below bounded 
quadratic form. The form qq is also closed as a direct consequence of Theorem 7.53 in j^. 

There is the unique self-adjoint operator associated with this form (see e.g. 0 , Theorem 
4.6.8). We denote this operator —A^j^ and its domain D{Q). It is our Hamiltonian. We will 
show, that this operator acts as the usual Laplace operator with the Dirichlet condition on V and 
Neumann condition on Af. 

Theorem 1 The domain of the operator — is 

D{n) = {feH^{n)\-AfeL^{n)j\v = o,^\^ = o}, ( 2 . 2 ) 

-^DNf = -^f for every / G D(H). 

Proof: First, we know that Z3(fl) C Q{qo)- Moreover / G Z3(H) if and only if there exists a 

function h G such that for all g G Q{qo) the equality qo{g,f) = holds. Then 

^ = -^dnI (see 0 , Theorem 4.6.8). Let g be any function from C“(H). Then g G Q{qo) 
and (Vg, = (^g, —Af'j using only definition of the distributional derivatives. So 

—A^jy/ = —A/ for all / G D{Q). We know now 

D{n) = {/ G Q{qo)\ - A/ G (vg G Q{qo)) (( 5 , - A/)^ 2 (n) = {^9, ^f)L^^a)) } (2-3) 

Now we prove the implication / G D{n) => \ Af = 0. Let Hq be an open subset of H, 

such that Pk ^ Ho,fc = 1,... , M. We will show that every / G I?(H) belongs to for 

such subdomains. There exist real, positive numbers gk, k = 1,.. . ,M such that the open balls 
B{Pk,2gk) h ave empty intersections with Qq. We can choose gu so small, that even B{Pk, 2gk) n 
B{Pk' ,2gk') = 0 for A: ^ k'. Let we denote 


loq = (—00, Xi — 771) X (d, 2 fi) 


UJM'-l 

ujm' 
lom'+i 

iOM+i = (a;M+??M,oo) X (-d, 0) 

and let Cjk be the reflection of LOk to the domain H for fc = 0 ,... i.e. ujk = P-iiyik) for k = 

0,... , M' and Wk = 'P- 2 {y>k) for k = M' -|-1,... , M-|-1, where the bijections Pi : ^ z = 1, 2 

are defined as follows: Pi{{x,y)) = {x,2d—y) andP 2 {{x,y)) = {x,—y). Let H Wfe U H j . 

In fact, we can say that H is the original domain H with its copy on each side of its boundary, from 
which we cut the columns [xk — gk, Xk + gk] x [d, 2d), resp. [xu — gk,Xk + gk] x (—d, 0 ], above, resp. 
below, the point Pk depending on which part of the point Pk lies. We construct a function 
/ G L'^{Cl) as follows. For every point {x,y) G H \ dfl we define (so we see that the function will 


= {XM'-I + gM'-l,XM' - gM') X (d, 2 d) 
= {xM' + gM ', 00) X (d, 2 d) 

= (-00, XM'+I - VMi+l) X (-d, 0 ) 
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be defined almost everywhere in £7): 


f{x,y) 

for 

{x, y) gVI 



f{x,2d-y) 

for 

{x, 2d — y) G 17, 

{x,d) 

G Af 

-f{x,2d-y) 

for 

{x, 2d — y) G 17, 

{x,d) 

G V 

f{x,-y) 

for 

{x,-y) G 17, 

{x,0) 

G N 

1 

1 

for 

{x,-y) G 17, 

(a;,0) 

G V. 


Now for any if G (17) we can write 

M+l 

k^O 

M' _ 

= (/.-A‘/?)^ 2 (n) / f{x,y)Af{x,2d-y) d^x 

Af+1 „ 

+ (-1)" Y / /(2^>y)A‘/?(a:,-y) d^a; = (2.4) 

k=M' + l 


where we used the definition of the distributional derivatives and the substitution y = 2d — y, 
resp. y = —y. The sign — in =p is valid for these systems, where Neumann condition is imposed 
on {(x, d)|a; G (—oo,a;i)}, the sign + for others. The number s equals 0 or 1, so as s + M' + 1 is 
odd for systems, where Neumann condition is imposed on {(a;,0)|a: G (—oo,a;M'+i)} and even for 
others. Finally, new function is defined on the domain 17 as 


M' M+l 

f{x,y) = ip{x,y) ±Yi.-^fxc^ki.x,y)^i.x, 2 d - y) - (- 1 )® Y i.-^fxcoki.x,y)f{x,-y), 
k=0 k=M' + l 

where Xi^ is the standard characteristic function of the set to. Taking into consideration the 
construction of the domain 17 and that supp ip C Cl, we conclude that ip G C°“(17) and it has a 
bounded support. Further, we know that the trace ip ( 917 equals limj,^^;- tp{x,y) in the point 
{x, d) and similarly limj,^o+ y) in the point {x, 0) for smooth functions (see the definition of 
traces, e.g. in §)■ So the traces on 27 n 17 are 

{ip \ dfl){x,d) = lim ip{x,y) = lim {ip{x,y) — p{x, 2 d — y)) = Q 

y—>d- y^d- 

{ip \ dn){x, 0 ) = lim ip{x,y) = lim {p{x,y) - p{x,-y)) = 0 . 

y^0+ y^0+ 

In a similar way for parts of boundary 917 with Neumann condition inside 17 

t 917) (x, d) = lim ^{x,y) = lim ■^{ip{x,y) + p{x,2d - y)) = 0 

^oy y^d- dy y^d- dy^ 

(^ [■ 917)(a;,0) = lim ^{x,y)= lim ^{p{x,y) + p{x,-y)) = 0. 

dy y^o+ dy y^o+ dy 

On the rest of the boundary 917, i.e. 917 \ Cl both Dirichlet and Neumann conditions are satisfied, 
what can be seen from the definition of ip. So it is clear that ip G H'^{iil) and it satisfies right 
boundary conditions. It is easy to check, that all such functions belong to 77(17), using the Gauss 
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Theorem. Because both functions / and ip are in which is a subset of Q{qo), we can continue 

the calculation from ( ^.4[) . 

M' . M +1 . 

T / ^f{x,2d-y)p{x,y) d?x + [-lY ^ (-1)'^ / Af{x,-y)p{x,y)d‘^x = 


where we used the “reflection” substitution again and F is a function defined by the last formula. 
Here F G because it is the sum of the finite number of L^-functions. As we choose the 

function p arbitrarily, we see that —A/ = F G Let Y G it is bounded together 

with its first and second derivatives and let supp -0 C H. Then ipf S L^(R^). Using Leibnitz rule 
and several times a lemma from the section IX .6 in ||^, we conclude that even —A{ipf) G L^(R^) 
(Leibnitz rule itself does not give the result unless we know V/ G L^(U) ). We now use this lemma 
once more and we get the result, that Yf G iL^(R^). We can choose a function tp so as ip ( Hq = 1. 
It is possible, because Uq CC ft and our regions have a simple form at a; ^ ±oo. Let ri < r 2 < 
be the real positive numbers such that [xk — 2 rik, Xk + 2 rik] G (—''"i; ^’i) for every fc = 1,... , M and 
denote i ?2 = (—?' 2 ,?' 2 ) x (0, d), R 3 = (—r 3 ,r 3 ) x (—d, 2d). Then using Q, Lemma XIV.2.1 we 
find a function tpi & n R 3 ), such that 0 < - 01 ( 2 ;) < 1 for all cc G H n i ?3 and ipi(x) = 1 for 

X G Hq n i? 2 . This function has compact support in H, so its derivatives are bounded. Let now 
7 G C“(—d, 2d), such that 7 ( 1 /) = 1 for 1 / G (0,d) (it can be constructed according to the same 
lemma as ipi). Let (3 G (7°“(R) such that P{x) = 1 for |a:| > r 2 , /3(x) = 0 on the interval [—ri,ri] 
(we can again use the same lemma for construction of 1 — /3). Then ip = ipi{l — P) + 7 /? satisfies 
all desired properties. Thus /'0 f Uq = / ( Uq = / ( Uq, so / G iL^(Uo)- 

Now let us take any interval (a, b), such Xk Y [a, 6] for A: = 1,... , M. Let ^ G CQ°{a, b) be a 
real function. Because region (a, 6) x (0,d) satisfies all conditions for Oq, / G iL^((a, 5) x (0, d)). 
Using Leibnitz rule we can see that G id^((a, h) x (0, d)). For any g G Q{qa) we have G Q(go) 
and 


(V5,V(/0)) 


L2(n) 


= {V9,«V/) 




dx' dxJL^(n) 


(. 


L^{^) ' \dx^’’ dx J L'^{Q) 


— — I + (— f—) 

^dx’dx/L^in) \dx^ dx/L^in) 




d{g{x,y)f{x,y)) d^{x) 


n dx 

= (ff,-eA/) 


dx 


da: dy — 


L2(n) 


2 (q^ 

V dx^ dxJ L^{n) 


- 2 


V ’ dx dx)L^{n) 


(2.5) 


Hence 0/ G D{n). Using the Gauss Theorem (it can be used for iL^-functions) we get for any 

9 e Q{qo) 


(5,-A(C/))^2(o) = (V5,V(0/)) 


L2(n) 


(^ 9 {x,d)^{x)^{x,d) - g{x,0)^{x)^{x,0)^ dx 


dl 

dy^ 


So due to ( ^ ) 

J (^ 9 {x,d)^{x)^{x,d) - g{x,0)^{x)^{x,0)^ dx = 0 

for any considered a, b and any g G Qiqo), ^ G Cq° (a, b). Now we conclude that 

df 

— \ Af = 0 a.e. 
dy 
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This finishes the second part of proof. 

It remains to show that if / satisfies all conditions from ( ^.2| ) then / G D{^1) (in the sense of 

definition (|2.3|) ). Let flo.E = \ Ufli B{Pk,e), = IJ^i B{Pk,e) n fl. Because we know from 

the previous part of the proof that / G iL^(r2o,e)i we can use the Gauss theorem: 

(Vg,V/)^2(Q) + { 9 ^ ^f) L2(^Q) = 

= "S/ '^^ gkie,ip)e dv;+ (Vg, V/)^2(n,) + {9^^f)mn,y (2.6) 


where fk, Qk are the transformations of /, g to the polar coordinates in the neighborhood of each 
Pfe in the way, that the region (0,e) x (0,7r) C fl, Pk is the origin of polar coordinates and fk 
satisfies the Dirichlet condition for (p = 0. We can see that the last two terms in (2.6) go to zero 
as £ ^ 0, because V/, Vg, —A/, g G L^(fl) and the measure of goes to zero. So we only have 
to prove, that 


d^s ^ 0 as n ^ 00 (2.7) 


for some sequence {cnlJ^Ag, lim„^oo fn = 0. We will show that each term in this sum tends to 
zero. For simplicity we will not write indices in the following text. We will decompose / to the 
orthonormal transverse basis which respects our boundary conditions. 

°° pT _i_ 1 

fir, ^)=Y^ \ -Fkir) sin —-—ip (2.8) 

and in the same way 

^ Fn 2k 1 

Hr,<f) ='^\ -Gkir)sin —-— p. (2.9) 

\ 7T Z 

/c =0 

Let R be small positive real number, so as min^^fc/dist(Pfc, to check the 

following equivalences: 


f,geH\nnB{p,R)) 

A/ G L‘^{nnB{p,R)) 


Using (p.lO) we can decompose 


^ 1,9, G L^((0,P) X (0,7r),r dr d:/?) 

or or r 0 (p r 0 (p 






V dr'^ r dr dp'^ J 


G L^((0, R) X (0, tt), r dr d:^) 


- to the orthonormal transverse basis 

r 0(f 


( 2 . 10 ) 

.( 2 . 11 ) 


r dp 


/2 2k + 1 

2 ^ \ -afc(r) cos —-— p. 


k—Q 


For almost every r we have 


afc(r) 



1 ^ 
r dp 


(r, p) cos 


2fc + l ^ 

—^^ dv? 
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and 


Fkir) = 


if ^ . 2 fc + 1 

/(r, ip) sin —-—p dp = 

TT ./o ^ 

2' 2 , a 2t +1 , 


2 2 


TT 2/c + 1 Jq 
7rak(r), 


df, ^ 2fc+l , [2 2 -,^^ 

{r,p) cos—-—p dp+ \ ^ J[r,0) = 


dp 


2k+1 

due to the boundary condition /(r, 0) = 0. So 


1 2fc + 1 

ak[r) = - — - — Fkir). 


TT 2fc + 1" 


( 2 . 12 ) 


Now we decompose in the same way ^, 


fc =0 


sm ■ 


2fc + 1 


-p. 


Let be a sequence of ^“(O, tt) functions so as lim„^oo HCfc.n “ y f sin 2^<p||L2(o.7r) = 0 

for k = and let ui G C^iO,R). Then using twice the definition of the distributional 

derivatives, definitions of Fk and hk and the fact that uj^k,n G C§° ((0, R) x (0,7r))we get 


d 


>0 


uj'(r) 

pR nTT 


0 

-fir, p) sm —-—p dp dr = 

TT Z 


— lim 

n —>00 

r^(r) 


‘^'{r)(k,niv’)fir,p) dp dr = lim 


(>R /* 7 r 


0 Jo 


2 d 


2 k + I 


/o Jo 

pR 


df 

^irKk,ni<f)-^ir, p) dp dr = 




p dp dr = 6fe(r)u;(r) dr. 


Because a;(r) was chosen arbitrarily, we conclude that 

dFkir) 


bkir) = 


dr 


= F'kir). 


(2.13) 


The same procedure we can apply to gir, p). Using( |2.12| ) and ( ^.13 ) we know, that the series (|2] 
and (2.9) can be differentiated by terms. Now we use the similar derivation for A/. Let 




Idf ^ 


1 d^f. 






2fc + 1 

(r)sm—-— p. 


k =0 
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From the first part of the proof we know /(r,.) € tt) for a.e. r and we can compute 

rR / 1 1^0 11^9 \ rR 


- ( 


(Pkir) + ^Kir) - ^{ ^^2 rFl{r)uj'{r) dr 

) ^ ^Fk{r)uj{r) Ar = (rw'(r))'^ V?) 


2 fc + 1\2 


V 2 


• ^ J J 

sm —-—Lp dip dr — 


( 


2 fc+ 1\2 


;(r) 



<P) sin —dip dr = 


pR pTT 

= lim / [ru:'{r))' I f{r,ip)^n,k{p') dip dr + 

Jo Jo 


}(r) 



dJ sin 


fir, p ) " " dp dr = 

n ’" df 

^'ir)^n,kip)r^ir,p) dp dr + 
dr 


r^u^iv) 



2fc+ 1 


TT 

oR p-K 


-.91 

dp^ 


fir,d)-{-lf^ir,TT)+ j ^(r,(/?)sin 


a"/, 


2fc + 1 


</j d</j ) dr = 


+ 


n ’" d / df \ 

^ir)^n,ki‘P)^d^^iFP)) d(^dr + 

d^f 



dp 


2fc + 1 

2 (r, (/?) sin —-— p dp dr = 


/o Jo 

rR 

Cfe(r)ra;(r) dr. 
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2 / 1 1 ^^ • 2 fc + l ^ ^ 


SO 


CfcC?-) = Kir) + iF^(r) - for a.e. r. 


(2.14) 


Let us denote Apf{r,p) = ^ir,p) + l^ir,p) + :^^ir,p). Taking into account ( ^.llD we 

will solve an equation Apf{r,p) = hir,p) for any h G L^((0,i?) x (0, tt), r dr dv?). We are 
seeking, of course, only those solutions, for which the function fix, y) corresponding to the function 
fir,p) remains in the set F[^iB{P,R) n fl). If we decompose a function h to the series h = 


- Hkir) sin ^ equations: 


1 

r " r 

We denote ly = k + 1/2. The solutions of these equations are 


Kir) + -F/{r) - Vfc(r) = H^, k = 0,... 


and for fc > 0 
Fk = 


pr pr 

Fo = rW Hoiz)z^ dz - r-^ Hoiz)zi dz + + Kpr-^ 

Jo Jo 

pr^ [ Hkiz)z-'+^ dz - ^r-’^ f Hkiz)z''+^ dz + + dpr-A 

Jr 7q 


(2.15) 


(2.16) 


We can compute the first derivatives 


F/ = h 


if Hoiz)zi dz+K-i [ Hoiz)zi dz+lc[°\-i (2.17) 
Jo 2 7o 2 2 
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and for fc > 0 
FL = 


f Hk{z)z-''+^ dz + [ Hk{z)z''+^ dz + (2.18) 

Jr 2 7o 


Because /, G L^((0,i?) x (0,7r),r dip dr), the functions Fk and have to be in the set 
L^((0, i?),r dr) for all k. Taking the first two terms in ( 2.16 ) we get after application of the 
triangle and Schwarz inequalities 

£ Hk{z)z-‘'+^ dz - Hk{z)z’^+^ dz < 

j \Hk{zWz dz^j z-^'^+i dz + r~''^j \Hk{z)\'^z dz^j z^'^+i dz^ < 


< 


< — 

- 2 v 


< 


l _(|)- 2.+2 


2 v -2 


=) 

y + 2 / 


\/ 2 v F 2 


v^ 2 v — 2 


\Hk{z)\'^z dz 


for 0 < r < i?. Using similar procedure on ( p.l5 ), (2.17) and ( 2.18| ) we get the following inequalities 
holding for every fc = 0,1 ,... 






< 


^^\2r — 2| V Jo 

1 FT' 


\Hk{z)\'^z dz 


^/\2r- 2\^ Jo 


\Hk{z)\'^z dz. 


(2.19) 


( 2 . 20 ) 


We conclude using this estimate that the first three terms in ( 2.16| ) belong to L^((0,i?),r dr) and 
thus the forth term has to be in this set too. But it is obvious that r“^ ^ L^((0,i?),r dr) for 
V > 3/2. Hence = 0 for /c > 1. Applying the same arguments to (2.17) we have also = 0. 


Moreover the condition l-^ fc(^)P^ dr < oo must be satisfied. First we suppose = 0 

for all k. Then using estimate ( 2.20| ) 

/ '^\Kir)\^rdr < / rdr^—/ |i7fc(z)pz dz < 


k^O 


< 


(k) 

Thus we must choose the constants C{ so as 


(^(0,R) x(0,7r),r d<.p dr) 


r dr = 




2 L^(^(0,R)x(0,7r),r dip dr) 


pR 

/c= 0 '^° 


( fe )| 2,,2 21/-2 


ix r r 




/c =0 


( 2 . 21 ) 


Now we turn our attention to the function g(r, cp). Using (2.1C) we can write 


1 /2fc + l\2 


u(r) := —) |G'fe(r)|^ G L^{{0,R),r dr). 
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Denoting v(r) = ru{r) we get a function v G L^(0,i?). Thus we can state liminfr^Q+|ru(r)| = 0. 
Otherwise |r?;(r)| > a > 0 for a.e. small r, so |n(r)| > a/r for some constant a and a.e. sufficiently 
small r, which is a contradiction with the fact that v G L^(0, i?). Hence we can find a sequence 
such that r„ ^ 0+ and 


oo ^ j ^ -j 2 

lim |r„n(r„)| = lim —-—) |Gfc(r„)|^ =0. 

n—»oo n —>•00 \ Z / 

A ;=0 


( 2 . 22 ) 


Now we are ready to return to (|j). We rewrite the particular terms of this sum using (2.8) and 

©■ 

r dfkirn,ip)- 


dr 


-h{rn,<f)rn = y^JnKifn)Gk{.rn) 


fe =0 


The r.h.s. of this equality can be estimated using (2.2C), the triangle inequality and the Schwarz 
inequality in the space 


OO OO / pfl ^ 

\^rnFl,{rn)Gk{rn) < rn'^\Gk{rn)\(\ \Hkiz)\^ z dz + ^ 

fc=o fc=o V|2i/-2| / 


< 


< 


\ fc-O 


n J \ \ ' n\ 


^ X (0,7r),r d^p dr^ 




fc =0 


(2.23) 


Because of ( 2.22 ) it is enough to show, that the la st te rm in brackets in ( [2.23 ) is bounded and we 
will know that the statement (|]^) holds. Due to ( 2.21 ) it is sufficient to prove that the inequality 
vr^'^ < /2 holds for all v = 1/2, 3/2,... and sufficiently small r. Rewriting the inequality to 

the form 


r / 1 ' 


(2.24) 


we will study the function (/(cc) = (i) “ on the interval [1, oo). It is obvious that </ is continuous 
and strictly positive on this interval. As 

(j) reaches its global minimum at the point x = e. Thus for r/R < (1/e)^/® the inequality ( 2.24| ) 
holds for every which completes the proof. | 


Remark 1 The fact, that the all fwnctio'ns from the domain of the Hamiltonian, which is defined by 
the quadratic form, satisfy the right boundary condition is supposed to be well-known for domains 
with reasonable boundaries. But it is also very often supposed, that the operator domain is the 
subset of the Sobolev space which satisfies the boundary conditions. The systems with 

combined boundary conditions are examples of operators, for which this assertion is not true. The 
situation is similar to the systems studied in & It was shown there, that for bounded regions in 
the plane with piecewise G^-boundary, which has finite number of angles larger than tt, there 
exists for each such angle one function, which is not in (D) and which belongs to the operator 
domain with the Dirichlet boundary condition. The operator domain is then a span of the 
space and all these functions, called Guseva functions. 

It is easy to check, that similar functions belong to operator domain in our systems too. Let 
us take the following function, written in polar coordinates with the origin in some Pk and R < d. 

/(r,(p) = ^(r)r^ sin^, (2.25) 
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where ^(r) G C'°°(0,oo), ^(r) = 1 on (0,i?/2) and ^(r) = 0 for r > R. This function satisfies the 
boundary conditions, T\pf G L‘^{Vl) and f G thus f G D{fl). But f ^ The trace on 

the part of the boundary {—R/2, R/2) is 

ip = 0 
ip = TT. 

So even the trace of the normal derivatives on the boundary is not square integrable. These are the 
reasons why we cannot immediately use the Gauss Theorem in the proof of Theorem 1. 

The interesting open question arises whether all eigenfunctions have Guseva-like behaviour 
near the points Pk ■ 


r dp 


(r, p) = 


for 

for 


III Bound states 

Now we are going to study our specific systems from Fig. 1. First we localize the essential spectra 
of these systems and make the first estimate on the number of bound states below the essential 
spectrum treshold using the technique of the Dirichlet-Neumann bracketing (see e.g. ||l^, Sec¬ 
tion XIIL15). Then we will continue with the specification of the number of bound states using 
variational methods. 


III.l Essential spectrum, number of bound states 


Following arguments are the same for both our system, so we do not distinguish between them in 
this subsection. Cutting the domain by the additional Neumann or Dirichlet boundaries parallel 
to the y—axis at a: = id, we get new operators defined in the standard way, using 

the quadratic form. We can decompose these operators 0 Hc^\ j = N, D, where the 

“tail” part corresponds to the two halfstrips and the rest to the central part with the Neumann and 
Dirichlet condition on the vertical boundaries, respectively. Using Dirichlet-Neumann bracketing 


we have 
XIIL15). 


(AT) 




(N) 


< — A^jy < 0 in the sense of quadratic forms (see [0, Section 


Now aess{Hf ) = j = N,D (we get this result after simple calculation using Ex¬ 


ample 4.9.6 in [|^ and Corollary of the Theorem Vin.33 in |11 ). By the minimax principle (see 
e.g. [^, Section XIII.1) —has the same infimum of the essential spectrum. To verify that 
aess{—^DN) is indeed the whole interval [^,oo) we can use the same procedure as for iJpi 
(see Example 4.9.6 in Q). Possible isolated eigenvalues of — A^jy are squeezed between those of 
\ j = N, D. Because the first eigenvalue of is zero, — A^^ has an eigenvalue below the 
essential spectrum treshold provided does, which is true if d > d. 

More generally, the number Njj of eigenvalues of smaller than ^ equals the largest 

integer number smaller than i.e. No = — [—d/d] — 1, where [•] denotes the entire part. The 
number of the “Neumann” eigenvalues of is TVat = 1 0 No. This means that the number of 

bound states of —A^^ below the essential spectrum treshold satisfies the inequality 


■ d- 

- 1 < TV < - 

■ d- 

.~d. 


~d. 


(3.1) 


We see that —A)^^ has isolated eigenvalues, at least for d large enough. In the same way, one 


finds that the m-th eigenvalue fj,„ 


of — A^^ is estimated by 


/m-iy ^ Pra / /TON2 

V A ) - p -\\) ' 


(3.2) 
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where X = S/d and /i = inf(tTess) = and that the critical value Am = Sm/d at which m-th 
eigenvalue appears satisfies the bounds 


- 1 < Am < 


(3.3) 


To learn more about the dependence of the eigenvalues and the corresponding eigenfunctions on 
A, we have to use a different technique. 


III.2 Existence of bound states 

The above existence argument for A > 1 is a crude one. In fact, there is no lower bound on the 
length of the overlay of Neumann boundaries for case B). On the other hand we will show that 
in system A) the discrete spectrum of the Hamiltonian is empty for small A, but the ground state 
appears sooner than A = 1. We will distinguish our two cases writing resp. —A^^ instead 

of -A%j^ and Q"^{qo), resp. Q^{qo) instead of Q{qo). 

Theorem 2 The operator —A^’^ has an isolated eigenvalue in [0,/r) for any ^ > 0. 

Proof: We slightly modify for the present purpose the variational proof of the Theorem in [Q, 

which comes out from the variational argument of . The transverse ground-state wavefunction 
at the “tails” of our strip is 


For any $ G Q^{qo) we put 


xiy) = Xj-^cos^y. 


g[$] = go($,$)-/x||$|li2(n). 


Since the essential spectrum of —A^’^ starts at /i, we have to find a trial function $ such 
that <;[$] < 0, it has to belong to the form domain Q^{qo) (see e.g. |Q, Chapter 4). Thus in 
particular we can choose $ continuous inside but not necessarily smooth. Notice first that if 
^{x,y) = ip{x)xiy) > we have 


(3.4) 


m = WT'Whm- 


(3.5) 


To make the longitudinal contribution to the kinetic energy small, we use an external scaling. We 
choose an interval J = [—6, b] for a positive b > S and a function (p G 5(]R) such that ip{x) = 1 
if a; G J ; then we define the family {(p^W > 0} by 


T<Tix) = 


p{x) for \x\ < b 

p{±b + a{x^b)) for |a;| > 5 
Finally, let us choose a real localization function j G C§°{—6,6) and define 

$a,e(x,?/) = Paix){x{y) + ej{x)‘^) 


(3.6) 


(3.7) 


for any cr, e > 0. The main point of the construction is that we modify the factorized function we 
started with in two mutually disjoint regions, outside and inside the rectangle J x (0, d). Hence 
the functions and have disjoint supports. Using this together with the identity 




L 2 (R), 


the explicit form of the function x and (3.5), we get after straightforward calculation 




Il 2 (r) 


)• 


(3.8) 


(3.9) 
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By construction, the last two terms on the right hand side of are independent of cr. Moreover, 
the term linear in e is negative, so choosing e sufficiently small, we can make it dominate over the 
quadratic one. Finally, we fix this e and choose a small enough cr to make the right hand side of 
( ^ ) negative. | 

Now we move to the case A),where the situation is more complicated. 

Theorem 3 There exists a real number Kq € (0,1), such that the discrete spectrum of the operator 
—A^’^(A) is empty for all A < Aq and there exists at least one isolated eigenvalue in the spectrum 
of this operator for all A > Aq. 

Proof: Taking into account that pti{X) = infi^GQ"^((2o).llvll=i is a nonincreasing continuous 

function of A (see Appendix A) and the minimax principle JTH , it is sufficient to show that there 
are two real positive numbers Ai < A 2 , Ai, A 2 G (0,1), such that 

(i) the discrete spectrum is empty for all A < Ai, 

(ii) there exists at least one isolated eigenvalue in the spectrum for all A > A 2 . 


We know from the previous subsection that there exists a bound state for A > 1. Let us search 
for better estimate A 2 < 1 by the similar variational technique as in the proof of the Theo rem 2. 
We are seeking the trial function d) G for which the functional q defined by (^) has a 

negative value. We again choose continuous inside fl, but not necessarily smooth and we use 
the same trick to make the longitudinal contribution to the kinetic energy small. The problem is, 
that since we have different transverse ground-state wavefunctions at both tails (region I, resp. Ill 
on the Fig.l), we cannot construct the “support function” (like (paX io the proof of Theorem 2), 
which longitudinal derivative has disjoint support with the localization function (like ej before). 

We start with the trial function 


Try Try 

^a{x, y) = (fiaix) sin — -I- ifaix) cos — -I- r]{x) -I- x{x) cos 


Try 


(3.10) 


where, similarly to (3.6) 


( p{x) 

for 

X > —5 

T<t{x) = < 



[ v?(—(5-1-cr(a:-f 5)) 

for 

X < —S 

f f^ix) 

for 

X < 6 

'•fAx) = < 



[ if[5 + cr{x — 6)) 

for 

IV 


If, if G 5(K), ip(—S) = if{S) = 1; ipix) = 0 on [5, 00 ), ip{x) = 0 on (— 00 ,—^], y, X ^ 15, 5] 

and r](x) = x(a:) = 0 for |x| > S. The value 1 of (p{—S) and if{6) is not important, it can be 
any constant without the influence on the result. We choose (p{—S) = ip{6), because we expect 
the ground state to be symmetric. We shall assume the functions ip, if, rj, x to be real. Here we 
can compare this trial function with that one from (3.7). The role of ip^ from previous case plays 
here the functions pa and if^j , while the role of localization function plays here y x cos ^. We 
decompose the functional q to three parts, in each of which one integrates over the region I, resp.II, 
resp.Ill 


= qi[<^><T]+qil[^<T]+qin[^a] = + WWhiS,^^)) + 

where we used identities similar to (^^). We see that the first term here is always positive, but 
it can be arbitrarily small, due to parameter a, while the second term does not depend on cr. We 
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easily compute 


H 2 d 

qii[<^a] = J {(f'{xf +'tp'{xf + X (xf) + dr]\xf + — ip'(x) + 

+ ^x'{x){'iIj'{x) - p'{x)) + ^T]'{x){p'{x) +^p'{x)) + ^x{x){i’{x) - pix)) + 

*^7r^ TT TT^ TT \ 

~ d ~ Jd ~ d + ^{x))j dx. (3.11) 

We choose the solution of the Euler equations 

Of! Af] Afl IT 

dp"{x) + — 'ip"{x) - — x"{x) H- 'q"(x) + - (ipix) + r]{x) + x(a;)) = 0 

TT OTT TT a 

Ofj Ar] Af] -TT 

dip”{x) H- p"{x) + — x”{x) H- v''(x) + - {p{x) + r]{x) - x{x)) = 0 

TT OTT TT a 

dx"{x) + ^ {p^"{x) - p"{x)) - ^ {'tP{x) - (p{x)) - ^ x{x) = 0 

Afj 'TT 7^2 

2dr]"{x) + — {'ip"{x) + p"{x)) + - (V’(x) + p{x)) + — ri{x) = 0 


to be a trial function. By linear combinations of these equations we can obtain uncoupled second 
order differential equations for p — ip and p + ip. Then the solution with boundary condition 
mentioned above is obtained, 


X{x) 


4 /sinh d \/^9ii-2-i8w-32 \ 

StT \ GinVi 7t 6 fo Stt—8 / 

\Sinn \/397r^-187r-32 / 


p{x) 


1 p{x) 


1 / ^ sinh^^/3^^^^\ 

1 / ^ sinh^^/3^^^^\ 

^ \cosh^^ ^,_^-/_^g sinh^^/s^^^S^y 


(3.12) 


? 7 (x) 



cosh^^ 


4 - 


77^+277 — 16 




■16 ■ 


As the quadratic form of the derivatives in (3.11) is positive definite this trial function is a good 
candidate for a minimum of the functional ( |3.11 ). Now we substitute ( f3.12| ) to (3.11) and after a 
tedious but straightforward calculation we obtain 


qii[d^o] 


- 7r)(7r2 + 27r — 16) ttS 

- tanh —- 


27r 


4 — TT 


+ 


TT^ + 27r - 16 3^/3 


coth 


•s/SttJ 

2 d 


v'(37r-8)(97r2-187r-32) , ttJ 

-=- coth — 

6v37r d 


37r — 8 4 tt5 

Qtt^ — 187r — 32 tt 2d 


Now we can understand qu like a function of a variable S. We see, that qu is a continuous function 
on the interval (0, d), lim, 5 ^Q+ qii{d) = +00 and lim^j^^^.- qii{d) = — 00 . So there must exist a point 
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^0 G (0, d) and corresponding number A 2 = 60 /d, such that qii{ 6 ) < 0 for J S (Jg, d). Thus we can 
find for every S from this interval a number a small enough to have ( 7 [$cr] < 0 , which finishes the 
proof of the existence of A 2 . 

Now we are going to prove, that the discrete spectrum of the operator — A^’j^(A) is empty 
for all A < Ai. It will be shown if we demonstrate that the functional g[<i)] > 0 for all d) from a 
suitable dense (in norm) set in Q^{qo), say 

Q{n) = {V' e H\n) n cm \ -ip e j = i, ii, iii, tp\v = o}, 


where C{fl) is just the set of functions continuous in the closure of fl. It can be proven that 
this set is really dense in Q^{qo) (See Appendix B). We again decompose q into three parts 
= q/[<i)] + g 7 z[$] + qiii[^]. The “tail” parts of d) e Q(n) we expand to the series 


I , N /2 \ • 2A: + 1 

2/) = Y ^ 2^ ak[x) sm Try 

^ k =0 

in the region flj and 

I / , f2 i. / \ 2/c + 1 

V) = 2^ °k[x) cos Try 

* ® fe =0 


(3.14) 


(3.15) 


in the region II///. Using the same procedure like in the proof of the Theorem 1, we know that 
these series can be differentiated by terms. Hence 


9/[$] = 


00 




r-S 


(\a'^.{x)\^ + + k)\akix)\^'j dx 


^ POO . 2 , 

qiiii^] = {\b'k{x)\^ +-j^ik^+ k)\bk{x)\^j dx 


(3.16) 


(3.17) 


and we see that ( 7 /[d)] > 0 and qiii[^] > 0 for all $ G Q(U). As we have seen above (similarly 
to (3.8)) the contributions from the terms |ag(a;)p and | 6 o(a:)p can be arbitrarily small. We 


minimalize the rest of the functional using Euler equations, the general boundary condition fixing 
the function values at a; = ^, resp. x = —d, and the square integrability. As G C(H) the 
Fourier coefficients a^, resp. bk, are continuous in (— 00 ,—5], resp. [i5, 00 ), and ak{—5), resp. 
bk{—S), are those of $(—<5, •), resp. $(5, •). The solution of the Euler equations will be really the 
absolute minimum of qi + qm. It is easy to see, that for all 4) in the set Q(U), g/[<i)] + qiii[^] = 
^/[‘ho] + qiii[^o] + g/[$ — 4>o] + 9777 [$ — $ 0 ], where $0 is given by Euler equations and we have 
seen above that g 7 [$ — $ 0 ] + qiii[^ — $ 0 ] > 0. For fc = 1,... , 00 we get 


a'Pix) -k{k + l)akix) = 0 


b'l{x) -k{k + l)bkix) = 0 

and the square integrable solutions of these equations are 

ak{x) = Ak exp(^ Vk{k + l)(a: + S)) 


(3.18) 


bkix) = Bfc exp(- \/fc(fc+T)((5 - x)). 


Putting these results to (^.16) and (|3.17) we have 


00 

g7[$] + g777[4>] VW+^{\Ak\^ + iBkl^)- 


(3.19) 


(3.20) 
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Let us turn our attention to the functional qu. First we estimate the value 
Denoting ^-{y) = $(—(5, y) and $+(y) = ^{6,y) we can write 


r\ r II r 9$ I 

J J J s'^ J da: ^ 

J^'^(^\^_iy)\+ y''j||(^,y)| dz) (\^+iy)\+ /j^(^,y)| dz) dx dy = 
2sj"(^^.iy)\ |<l>+(y)| + (|$_(y)| + |<l>+(y)|) 

(y^^( 2 :,y) dz^ ^ dy < 2(5^||$_||i2(0,d) |l$+||L 2 ( 0 _d) + 


l$l 




< 


+ 


d / p5 


|$_| + |$+| 


lL2(0,d)1 


0 \J-S 


9$ 


dz I dy + 25 




< 2^ ||$-||L2(0,d) ll$+l|L^(0,d) + ^11 1^-1 + 1^4 


lL 2 (o,d) 


dx 


< 


dx 


L^{0.ii) j 
+ 


+ 25 


d<S> 


dx 




where we used the fact that $ G and the Schwarz inequality. Denoting k = Att, we use 

this estimate in the following 


9//[^] = 


d^ 


> 


dx 

d^ 






dy 




dx 




lL2(o,d) 


d<S> 


dx 


L^Qii) 


- ll^-||L2(o.d) ||$+||L2(0.d)- 


(3.21) 


Let us assume that there exists $ G Q(n) such that g[$] < 0. Taking into consideration ( 3.20 ) we 
conclude that y/ 7 [$] < 0 for considered $ G Q. Then also 




dx 




\L^(0.d) 


5$ 


dx 




This inequality holds obviously for k > 1. Let us solve this inequality for k < 1. Then using the 
triangle inequality together with the inequality 


1 2 

2||‘l’-llL2(0,d)ll^’+l!L2(o,d) < 2 (ll‘^-lli:^(0,d) + II *5^+II L2(0.d)) 


(3.22) 


we get 




dx 




< 


2V^(1—k) ll‘^+ll'f-^(o.<i))- (3.23) 


We use this result in the following estimate 
||$+ - d>_ 


\L^(0,d) 


r 

r?d. 

dy < 


/ Jo 

J-s dx 


dx 


< 


2(1 - k) 


L 2 (n„) 

(ll^’-||L2(0,d) + ||$+||L2(o,d)y 


< 


(3.24) 
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Now we use estimates ( 3. 201) , ( 3.21 ) together with inequality ( |3.22| ), the triangle inequality and 

(ll‘J’-l!z, 2 (o,d) + ||‘&+IU 2 (o,d)) < 2(||$_||^2(o_(i) + ||d>+||i 2 (o,d)) (3.25) 

to estimate whole functional ( 7 [$]. Denoting Aq = ao(—5), Bq = bo{S) we obtain 


> -1 \/k{k + l)(|24fc|^ + \Bkf) + 


fe=i 






+ 1 llL2(0,d) 


9$ 


dx 


dx 


L’^iQi 


L^{0.n) 

KTT 

) ~ M 


(1 - - 

ll$-||L2(o,d) ||$+||L2(0.d) > 


> 


rV2 


i:(i4 


*l" + |Bil") + 


k^l 




5$ 


dx 


L^iQii) 4d 




KTT II l^-l l^+l llL2(0,d) 


> 


K^n 

8 d 


rV 2 


I'J’-I + I'J’+I ||i2(o_d) KTT 


oo 

+ I-Sfcp) - 


4d 


1 - 


l‘^-llL2(o,d) + ll‘^’+llL2(o^d)) - 


KTT 


k=l 


4d(l — K^) 




(3.26) 


fc =0 


where we used also (3.14) and ( ^.15 ) together with ( ^.1^ ) and ( |3.19 ). We assumed g[$] < 0, thus 
the same is true for the last expression in ( |3.26 ) and so we obtain for k < = 0-92 

OO 

Now we need estimates (3.25), (3.24) and ( |3.27| ) together with known inequalities for nonnegative 
numbers 


2 ab < + b^ 

(a + 6 + c)^ < 3(a^ + 6^ + c^) 

and the triangle inequality to do the last step of the proof. First notice, 

\Ao\^ + \Bo\^--^{AoBo)>(l 

TT \ 


A . ^ 

A„sm--B,cos- 


L^{0,d) 


that 

-^)(|24op + |i?on. 

(3.28) 
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On the other hand 


4 . 'Try ^ Try 

A.sm--B„cos- 


L2(o,d) 


^ ^ ■ (2A: + l)7ry {2k + l)7ry\ 

Vs SO'* _ B, cos 

fe = l 


L^{0,d) 


< 


< 


< 




\L^{0,d) ' \ 

\ k=l 


\ k=i 


< 


2(1 - k) 


(ll'I'-|lLS(o,d) + ||#+||lS(0,S) 


\ 0=1 


, EiB‘P 

\ fc=i 


< 


< 3 


< 3 


LXJ LXJ 

' " fc=l 

(lAoP + lBoP). 


I 2(1 -k )2 

\ ^ ' k=0 

2 ^/ 2 {l + k)k^ + k (1 — k) 


< 


(1 — «:)(4-\/2(l — — k) 

We compare this inequality with ( 3.281 ) and we have 


2 2'\/2(l “t“ k)k “t-1 — K 

1 , I— . . 

TT (1 — k)(4\/2(1 — — k) 


(3.29) 


We recall, that we investigate this inequality for 0 < k < ^ . The right hand side of ( 3.29| ) 

is a positive, continuous function of k on this interval and it goes to zero as k does. Hence there 
must exist a number kq (and so Ai), such that this inequality does no hold for k G (0, ko)j resp. 
A G (0, Ai). Thus (?[$] > 0 for all d* G Q(H) for these values of the parameter A, which has been 
to prove. I 


Remark 2 We also know that the discrete eigenvalues emerge at the essential spectrum treshold 
and they are continuous functions of A in both our specific cases. The rigorous formulation and 
the proof of this statement are given in Appendix A. 


IV Numerical results 


We have solved the Schrodinger equation corresponding to our systems numerically. Since H 
consists of three rectangular regions, the easiest way to do that is the mode-matching method (see 
e.g. [Q). The results are shown in Figures 2-5. On the Figures 4 and 5 we can notice that the 
first eigenvalue in the model A appears for Ag > 0. Our numerical results indicate that Aq = 0.26 
in agreement with our analytical proofs. Solving numerically the equation qiil ^a] = 0 with right 
hand side given by ( |3.13 ) we get the result A2 = 0.34. In the same way from ( ^.29 ) we get after 
numerical computation Ai = 0.08. Hence Ai < Ag < A2 which we have expected. 
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Figure 2: Probability density |^/>p (in units of d for the bound state in model A, A = 
coordinates x, y in the units of d. Only one discrete bound state exists here. 



Figure 3: The same as in Fig.2 but A = 0.27. It is close to the treshold for bound state appearance. 
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Appendix A: The continuity of the eigenvalues 

First we define some notations for purposes of this appendix. Let A > 0 then 


where 


Q{X) = {f &H\n)\f \V{X)=0}, 


V(X) = 

1 (x, 0) \x < — Ad| U 1 (x, d) X > Ad| 

or 

V(X) = 

1 (x, d) 1 (x < —Ad) V (x > Ad) |. 


So we have stressed only the dependence of the form domain on the parameter A. We define 




(A) 


HV^IIi^(n) 

tjj G Q{X),iIj 0 ll^llL2(n) 

ilJ-ipi, . . . 

sup U{ipi,. . . ,ipn-l\X). 

931,... ,93„_iGL^(n) 


From minimax principle [ pd]| , we know that for every n = 1,2,..., Hn{X) is either the n—th 
eigenvalue of the operator (counting multiplicity) or the bottom of its essential spectrum. The aim 
of this appendix is to show that /r„(A) are continuous functions in (0, oo). 

Lemma 1 Functions '■ X^ fJ-niX) are nonincreasing, finite and continuous in (0, oo) for every 
n= 1,2 ,.... 

Proof: We know from the minimax principle and the Dirichlet-Neumann bracketing that 

0 < /ira(A) < jip for all A > 0 and n = 1, 2, .... Let Ai > A2. Then (5(A2) C Q(Ai) and so for any 
m = 0, 1 ,... and any m-tuple ipi, ■ ■ ■ , 

,iprn]Xi) < ,ipm\X2) < g.rn+l{X2) ■ 


Because this inequalities hold for every m-tuple ipi,... , (pm from our Hilbert space they must be 
fulfilled even for supremum over these m-tuples. Hence 


Mm-l-l(Al) < Pm+l{X2) 


(Al) 


for every m = 0,1 ,... and Pm+i are thus nonincreasing. 

For any g > 1 we define p^^'>{x,y) = p{QX,y). The equivalences p G <3(A) p^^'^ G Q(f) 

pFip ^ p^si are obvious. Moreover 




d'4> 

2 


2 

dx 

L2(n) 

dy 

L2(n) 


ll‘^llL2(n) 


< q" 


Il‘^lli2(n) 


(A2) 


Let integer m > 0, A > 0 and pi, ... , pm G L^(H) are chosen arbitrarily. Then for any p G Q(A) 
such that pFpi,... ,pm we know p^f^\... ,pm^ G p^^^ G Q(^) and p^^^±p[^\... ,pm^. 

Then using ( |A^ ) we get 



,<P 


(e)- 

m ’ 


2 l|V^II h(n) 
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Because these inequalities hold for arbitrary m-tuple tpi,... ipm it must hold even for the infimum 


of II 1112 —^ and hence 


< £»Vm+l(A). 


Passing again to the supremum over all m-tuples , • ■ • , and taking into account ( |Ai| ) we 
obtain 


Mm+l(A) ^ Pra+l{^ ^ ^ /^m+l(A), 

because A > A. From the second inequality of (^) and from ( |AlD we get 


o/rm+l(A) ^ Prn+l{^Q) ^ /^?7i+l(A) 

Q 

using \q > A. We recall that these inequalities hold for any m S {0,1,...}. 
For any 0 < A' < A we set Q = -^ and we put it to ( [A^ ) 

A\2 


(A3) 


(A4) 


/ A \ ^ 

/^m+l(A) ^ Mm+l(A^) < pm+l (A). 


We see that limy^^- pm+i{^’) = Mm+i(A). We repeat the same procedure for 0 < A < A' using 
the inequalities ( |A4|) instead of (^) and we get lim;^/^;,+ /rm+i(A') = /im+i(A), which finishes the 
proof. I 


Appendix B: The dense set in Q^{qQ) 

The goal of the appendix is to prove the following lemma. 

Lemma 2 The set Q{Tl) = {ip £ C'°°(S7) | ^ = ■0 f fl, ■0 G 0 (I? = 0} is dense in the set 

Q^{qo) with respect to the norm. 

Proof: Let p G Q^iqo)- Then for every e > 0 we can find the function from the set 
{0 G C°°{Tl) 10 = 0 ( fl, 0 G such that \\p — ||//i(n) < £ (see e.g. ||], Theorem 

3.18). Due to the Theorem 5.22 in we can also write ||(v? —( 'D\\l'^(p) < VCe, where C is a 
constant. Let 7 be the function from the class C°°(K) with the following properties: 0 < j{t) < 1 
for t G M, jit) = 0 for t < 5, 7(t) = 1 for t > 1 and ^ for some constant F and every 

t G M. For {x, y) € n and e < d/2 we define 


,(i) 


{x,y) = 


^Pix,y) = 


jx-SP + jy-dP '^ 
^{x+Sp+y'^' 


l-dP' 

j for 



for 

for 

X < —6 

for 

X > —S 
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and We = Obviously ip^'^ = € Q{fl). Let we denote 

Oe = |(x,y) G O I dist((x,?/),X>) < e| 

Og = ^((5, oo) X {d — e, d)^ U ^(—oo, —5) x (0, e)^ 

Og = ^((5 — £, 5) X (d — e, d)^ U ^(—(5, —5 + e) X (0, e)^ 

Og = ^(d — e, d + £) X (d — e, d)j U ^(—d — £, —d + s) x (0,. 

Now we are going to estimate 

\W2^-v\\]i^n) = II + V5(We - 1)11^2(0) + 

+ ll'^(‘/5l'^^ ~ ‘p)^e + V(/?(We — 1) + (/?i'^^VwE|||2(f2) < 


< - </j||^i(n) + ll‘dllfl-i(n^) + ^Ilv5i^^lli2(n^)^ 

Now we continue by estimating of Ili2(f2 )■ 

ll‘/5l'^^llL2(ne) ^ ll‘dl^^llL2(f2l) + ||(/Jl®^ 11^2(^22) 

poo pd p — 5 p6 

ll‘/5l''^llL2(no = / / \‘Pi\^^y)\^ / \Pi\x,y)\^ dy dx 

Js Jd—s J—oo Jo 

Because the estimates of the second term in the previous expression will be analogous to ones of 
the first term we will not write the second integral, but only “second term” instead of it. 


\Wi Ili2(ni) — 


< 



/ — t) dt| dy dx + second term < 

Jv 


(/?! (x, d)| +e 


/ d—£ 


dp't 


(e) 


dt 


-(x,t) 


— 2( f I?||^2(xi) + e" 


dpf 


dy 


L^ni) 


I dy dx + second term = 


< 2£^(C£ + Wpi ^111/1(01)) < 


< 2£^^C'£ + ‘2{\\pi ^ — p\\'Hi{a) + ll‘PllHi(ni))) < 2£^^C'£ + 2£^ + 2||(2 j||^i(qi 

For any 2; G (d, d + £) we calculate 



When we integrate the last inequality over 2; from d to d + £ we obtain 


^Ilv5i*^^lli2(n2) < 3( 2£'- 


f2£3 

Vi” 

2 

+ £^ 

ft 

dpi 

V 

dx 

L^ini) 

dy 




L2(n3) 
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and so 


II 11^1(03) + < I2e‘^(^e^ + ||‘/?||^i(o3)^ + 3Ce^. 

We give both these estimates together and we get 

ll‘/^i ^lli2(o^) < 5Cs^ + Ide'^ + 16e^||v3||^i(niu02)- 

Hence 

IIv 52^^ — ‘/^llffi(n) ^ 3^(1 + 16r^)(£^ + ||'^||ffi(niun2)) + SCF^s 

Here lim£^o+ Ilv^lllfi(niun2) “ ^-d- dominated convergence. So — ‘p\\‘hi(^q) goes to 

zero as e does which has been to show. | 

Remark 3 Our set Q is obviously a subset of the set Q defined in the proof of the Theorem 3. 
Hence Q is a dense set in Q^{qo) as well. 
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